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Comparisons are made between the cal-
culated average magnetic flux density
for single-axis and three-axis circular
coil probes and the calculated magnetic
flux density at the center of the probes.
The results, which are determined as-
suming a dipole magnetic field, provide
information on the uncertainty associ-
ated with measurements of nonuniform
extremely low frequency (ELF) mag-
netic fields produced by some electrical
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1. Introduction

The concern in the mid 1970s regarding health
effects from exposure to electric and magnetic
fields in the vicinity of power lines has shifted in re-
cent years to health effect concerns from exposure
to power frequency magnetic fields in residences,
the work place, and in transportation systems [1-3].
The magnetic fields in these environments can be
highly nonuniform, particularly near electrical
equipment such as motors, transformers and heat-
ing elements. This paper considers the difference
between the calculated average magnetic flux den-
sity, Bav,as determined using magnetic field meters
with single-axis and three-axis circular coil probes,
and the calculated magnetic flux density at the cen-
ter of the probes, Bo assuming the field is produced
by a small loop of alternating current, Le., a mag-
netic dipole. The magnetic dipole field is chosen as
the relevant field because to a good approximation
its geometry simulates the field geometry of many
electrical appliances and equipment [4]. The differ-
ence between Bav and Bo can be regarded as a
source of measurement uncertainty because the

center of the probe is normally considered the mea-
surement location. While differences between Ba.
and Bo will be small in many situations, e.g., near
ground level in the vicinity of power lines where the
field changes slowly, the difference can become sig-
nificant in the highly nonuniform magnetic fields
close to electrical equipment.

In this paper, two comparisons are made: (1) the
maximum average magnetic field determined using
a single-axis probe, Bay!,with Bo as a function of
rIa where r is the distance between the magnetic
dipole and the center of the probe, and a is the ra-
dius of the probe, and (2) the resultant magnetic
field determined using a three-axis probe with Bo as
a function of rIa. The resultant magnetic field, Bav3,
is defined as [5]

Ba.3=vBi+B~+B~ , (1)

where BI, B2, and B3 are average magnetic field
components as measured by three orthogonally
oriented coil probes.
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Comparison (1) is made because maximum mag-
netic field values are sometimes measured, using
single-axis field meters, to characterize the mag-
netic field [5,6]. However, for a given value of rIa,
it will be seen that the difference between Bav!and
Bo will be a function of the orientation of the mag-
netic dipole relative to the probe. Because the rela-
tive orientation is not known during most
measurements, what is of interest is the largest dif-
ference between BaY!and Bofor a given value of rIa.
This largest difference will be designated t:.Bmu!.

The quantity t:.Bmu!is determined in the follow-
ing way. The single-axis probe is rotated for fIXed
values of rIa and the spherical coordinate, 0,
[Fig. l(a)] until the largest average magnetic field,
Bav!, is found. This value of BaY!is compared with
the magnetic field at the center of the probe, Bo
and the difference is recorded. The orientation of
the magnetic dipole with respect to the probe is
then varied by moving the probe to another loca-
tion while keeping rIa fIXed, i.e., by changing 8 in
Fig. l(a). The probe is rotated again until the
largest average magnetic field, Bay!,is found. Bay!is
again compared with the magnetic field at the cen-
ter of the probe, Bo, and the difference is recorded.
This process is repeated for other dipole orienta-
tions (i.e., angle 8) until the largest difference,
t:.Bmu!, is found. An example of this process is
shown in Sec. 3.1.

z z

single-axis
probe

loopof
altemating
current

y

lcopof
altemating
currentx x

(a) (b)

Fig. 1. (a) Single-axisand (b) three-axiscircularcoil probes in
dipole magnetic field produced by small loop of current.

Comparison (2) is made as a three-axis probe is
rotated about three axes parallel to the three
Cartesian coordinates x, y, and z. The difference
between Bay3and Bo will vary as a function of rota-
tion angle, but what will be of interest again is the
largest difference, t:.BmuJ,for a given rIa. Also as
for comparison (1), because the relative orienta-
tions of the magnetic dipole and the three-axis
probe will be unknown in most measurement situa-
tions, Bav3will be examined as a function of rIa and

the spherical coordinate, 8, in order to determine
the largest difference, t:.BmuJ.

2. Expressions for Average Magnetic
Flux Density

In the derivations given below, it is assumed that
the cross sectional area of the wire in the coil
probes and the opposing magnetic field produced
by current induced in the probes are negligible. In
addition, we assume for the three-axis probe that
the three orthogonally oriented coils have circular
cross sections of equal area. These assumptions ei-
ther can be met in practice or can be taken into
account via a calibration process.

2.1 Single-Axis Probe

The average magnetic flux density, Bay,for a sin-
gle coil probe with cross sectional area A is given
by

BaY=~ ILB. ndA, (2)

where dA is an element of probe area, n is a unit
vector perpendicular to A, and B is the magnetic
flux density. In spherical coordinates, the magnetic
fluxdensity for a smallcurrent loopof radiusb is [7J

J-Lolb2 . J-Lolb2 . 8
.

B = 2r3 cos 814,+ 4r3 sm 149, (3)

y

where J-Lois the permeabilityof vacuum,I is the al-
ternating current, and Ct,and Ct9are unit vectors in
the directions of increasing rand 8, respectively.
The assumption is made that b < <r and the sinu-
soidal time dependence has been suppressed. The
magnitude of the vector B given by Eq. (3) is Bo.

For our purposes, it is convenient to express B in
terms of Cartesian coordinates. This is accom-
plished by using the following relations between
spherical and Cartesian unit vectors and coordi-
nates [8] in Eq. (3):

lI, =; sin 8cos q, +j sin 8sin q, +k cos 8
lIB=; cos 8 cos q, +j cos 8 sin q, -k sin 8
x =r sin 8 cos q,

y =r sin 8 sin q,
z =r cos 8 . (4)

After some algebra, B can be expressed as

B=i3Cn+.3C~z +k C (3z2_1 ),2rs J 2r 2? rr (5)
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where r ~ vx~ +y~+z~ and C is the constant
J.4>lb212.

To obtain an expression for Bay,we consider
without loss of generality a probe with its center at
x ~xo,Y = 0, and z =Zo as shown in Fig. 2. We
restrict the orientation of the probe so that its area
is bisected by the x-z plane and first consider rota-
tions .of the probe about an axis parallel to the
y-axis; i.e., the y' -axis shown in Fig. 2. For these
conditions, the area of the coil probe, A, will be
part of the surface given by the equation

z =moo(X -xo)+zo, (6)

where a is the angle of rotation, moo= tan a,
%0= r sin 9, and Zo= r cos 9. The rotation of the
probe corresponds to the rotation of this surface
about the y' -axis, i.e., changing the slope of the
surface (moo)described by Eq. (6). It should be
noted that the angle of rotation, a, shownin Fig. 2
is in the negative direction.

z

Zo = ,cos 8 surface:

z= moo(x-x,,) + z.,
moo = tan a

l'

y

x'

x = Xo- a cos a ...hm.m\:_.
x= Xo+ acosamm.mm'

x

Fig. 1. Circular coil probe shown as part of a surface described
by the equation z::m..~-xo)+zo. The rotation of the probe
corresponds to changing the slope of the surface, m... The pro-
jection of the probe cross sectional area onto the x-y plane will
be an ellipse for a;o!O.The range of a is -9O"<a< 90".

The unit vector perpendicular to the probe sur-
face, Ii, is found by first taking the gradient [9] of
the surface given by Eq. (6), VF(x,z), where
F(x,z)=z -moo(x-%o)-zo and normalizing it to
unit value. This leads to

Ii =(-moot +k)/ym;+ 1. (7)

The element of area, dA, is [10]

dA=J(:r +(:r +1dxdy=ym;+1 dxdy.
(8)

where dx dy is an element of area in the x-y plane
bounded by the projection of the probe cross sec-
tion onto the x -y plane (Fig.2).

Combining Eqs. (2), (5), (7), and (8), the expres-
sion for Baybecomes ' - .

Bay=S.- f f {-3XZmoo+.! (3Z2 -1
)}

dxd .
2'IT02 rS r3 r2 Yx y

(9)

By substituting for z in Eq. (9) using Eq' (6), the in-
tegrand becomes a function of x and y. The integra-
tion is first carried out analytically [11] over the
variable y with (from Fig.2)

_y02_«X -Xo)/cosa)2sys

y02_«X -Xo)/cos a)2.

The resulting expression for Bay is

Bay= - C 2 f dx(maXP +p2)'lT0

{ JQ'-(~)'
(x2+Q2)(x2+Q2+a2_ (~x:Y)312

+

102-
(
X -Xo

)
2

2V' cos a
}-

(X2+Q2)2(x2+Q2+a2_ (~~X:)2)1I2

102-
(x -Xo)2

V' cosa ,
C

f dx

(X %0)2)1121702 2 Q2

)(x2+Q2+a2_ COs a

(x + (10)
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where P "'" (zo-m.xo) and Q2"", (m.x + P)2.
The integration over x is then performed

numerically using Simpson's Rule with the limits of
integration given by (Fig. 2)

xo-a cosa:Sx:sxo+a cos a,

where a is restricted to - 900< a < 90°.
Bayis evaluated for fixed values of 8 and rIa as a

is varied until a maximum average flux density, Bayt,
is found. Bay!is then compared with Bo. As noted
earlier, the process is repeated for the same rIa but
different values of 8 until the largest difference,
.1Bmut,is determined. Because we are seeking the
maximum value of Bay,we do not consider further
rotations of the probe because once Bay!is found,
additional rotations are expected to lead to smaller
values of Bay.This is most readily seen at 8 equal to
00 and 90° for all values of rIa. Bay!occurs at a = 0°
and rotating the probe further results in smaller
values of Bav.

2.2 Three-Axis Probe

In this section, expressions are developed for the
average magnetic flux density for each coil of a
three-axis probe as the probe is rotated about axes
which are parallel to the X-, y-, and z-axes. After-
wards, for fIXed values of 8 and rIa, the average
magnetic field values from the three orthogonally
oriented probes are combined according to Eq. (1)
to obtain Bay3which is then compared with Bo. As
before, the process is repeated for different values
of 8 until the maximum difference between Bav3and
BOo.1Bmu3, is found.

It is noted that combinations of rotations about
the different axes will not be possibleusing the ex-
pressions that are developed. That is, it will not be
possible to calculate Bav3followingrotations about
two or three axes. This represents a limitation on
the results and prevents us from learning whether
there are significant effects on the value of .:1Bmu3
due to multiple rotations. Nevertheless,the depar-
tures from Bo that are determined from rotations
about each of the three axes will let us know what
differences are possible as a function of rIa.

Figure 3 shows the orientation of the probe with
respect to the magnetic dipole before rotations
about each axis are considered. As in the previous
section, the center of the probe is located at x =Xo,
y =0, and z =Zo.The individualprobes are labelled
PI, P2, and P3, and initially PI lies in the x' _yI
plane, P2 is in the y I-zIplane, and P3 is in the x I-zI
plane. When rotations are performed about the
x'-axis (rotation angle /3), the angle that P2 makes

with the magnetic field remains unchanged. Simi-
larly, rotations about the y I-axis (rotation angle a)
and z'-axis (rotation angle y) leave P3 and PI, re-
spectively, "unchanged." This means that for cop-
stant values of rIa and 8, the average flux density
values for these "fIXed" probes remain constant as
rotations of the probe occur.

z'

x'

1+1'

}-z.,

.a rotations.

G

y

x

A
Fig.3. Geometry for three-axisprobe with center of probe in
x-z plane. Varying the angle a result in rotations of probes PI
and P2 about the y'-axis (Ua rotations") while OrientatiO

~

Of

probe P3 with respect to the dipole remains unchanged. Va ing
the angle p results in rotations of probes PI and P3 about he
x'-axis (UP rotations") while orientation of probe P2 rem ,ins
unchanged. Varying the angle 'Yresults in rotations of probes P2
and P3 about the z'-axis (u'Y rotations") while orientatioq of
probe PI remains unchanged.

~
We begin the derivation for the three-axis pr be

by noting that part of the problem has already b en
solved in the previous section. That is, the expres-
sion for Bay following rotations about the y I-

~

iS

(a rotations) is given by Eq. (10). This expressio is
used to calculate the average flux density or
probes PI and P2 by considering pairs of the an Ie
a which differ by 90°. The average flux density or
the third probe, P3, is zero for this case becaus

~

no
component of the magnetic field is perpendic lar
to the area of the probe for any value of a or 8

The derivations for Bayfollowing /3or y rotati ' ns
parallel the derivation for the a rotations. Exa in-
ing the case of /3 rotations first, and referrin

r

to
Fig.4, it can be seen that the probe area, A, is art
of the surface given by the equation

z =mIlY,+zOo ( 1)
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z

z'
surface:

z =mp y + Zo
mp =tan/3

Zo

y'

y

ellipse:
2

(X- Xo> y2-+ =1
a2 a2cos2/3

Fig. 4. Circular coil probe shown as part of a surface described
by the equation z =m fJY + z (10 The rotation of the probe corre-
sponds to changing the slope of the surface, m fJ.The projection
of the probe cross sectional area onto the x-y plane will be an
ellipse for {J~ O. The range of {J is - 90"< {J < 90".

where mp = tan f3 and zo=r cos 8. The rotation of
the probe corresponds to rotation of this surface
about the x'-axis or alternatively, changing its
slope, mp. The unit vector normal to this surface is

Ii =( -mJ+")/y'm~+ 1, (12)

and the element of area, cIA, is

cIA= J(~~r + (~;r + 1 dxdy =y'm~+ 1 dxdy.
(13)

CombiningEqs. (2), (5), (12), and (13), the expres-
sion for the average flux density followingf3 rota-
tions is

Bavp=~ f. f.
B .lidA =

-rra y x

- 3Cms
f. f. ~ dx dy +

2-rra2 y x r

C
f. f. (3Z2 1 )2-rra 2 y x 7 -? dx dy . , ' (14)

Substituting for z in Eq. (14) using Eq. (11), the
integrands become, recalling that r = y'X2+y2+Z2,
a function of x and y. The integration is first car-
ried out analyticallyover the variablex with (Fig.4)

xo- ya2 --(y /cos (3)2SX SXo + ya2- (y/cos (3)2.

The y-integration is performed numerically with
the limitsof integration given by (Fig. 4)

-a cos f3sy S a cos f3,

where f3 is restricted to - 90° < f3 < 90°.
Equation (14) is used to calculate the average

flux density for probes PI and P3 by considering
pairsof the anglef3which differ by 90°.The aver-
age flux density from the remaining probe, P2, re-
mains constant during the f3 rotations and is
determined from the expression for average flux
density following ')' rotation (')'= 0) -which is de-
velopedbelow.The reader is cautioned that during
the numerical integration over the variable y, the
denominator in the integrand vanishes for y =0
when 8 = 90°.

In deriving the expression for average flux den-
sity following ')' rotations, we note as shown in
Fig. 5 that the probe area, A, is part of the surface
given by the equation

x=myy+xo, (15)

where my= tan')' and :xo=rsin 8. The rotation of
the probe corresponds to rotation of this surface
about the z' -axis, i.e., changing the slope of the
surface,my. The unit vector normal to this surface
is

n = (i- m yj)/y'm: + 1, (16)
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and the element of area, dA, is

cIA=J(:r +(:r +1dydz=ym;+1dydz.
(17)

TOP VIEW

z
ellipse:

(z- z.,)2 y2-+-=1
a2 a2 cos2 r

z'

x

Fig. S. Circular coil probe shown as part of a surface described
by the equation x =myY +4 The rotation of the probe corre-
sponds to changing the slope of the surface, my. The projection
of the probe cross sectional area onto the y-z plane willbe an
ellipse for 'Y~O.The range of 'Yis - 90" < 'Y< 90".

It should be noted that the projection of the probe's
cross sectional area, unlike the previous two cases,
is onto the y-z plane for 'Yrotations (the projections
for a and f3 rotations were onto the x-y plane) and
this fact affects the partial derivatives in the expres-
sion for dA, Eq. (17).

From Eqs. (2), (5), (16), and (17), the expression
for average flux density following 'Yrotations is

Bayy=~ J J B ./idA =
7ra y z

~
J J (~ - ~ )dz dy . (18)

27ra2 y z r r

By substituting for x in Eq. (18) using Eq. (15), the
integrand becomes a function of y and z. The inte-
gration is first carried out analytically over the vari-
able z with (Fig. 5)

zo-ya2-(ylcosy)2 s:z s:zo+v(i2-(yloosy)2.

The y -integration is performed numerically with the
limits of integration given by

-acos'YsySacos'Y,

y'

where 'Yis restricted to - 900< 'Y< goo.
Equation (18) is used to calculate the average

flux density for probes P2 and P3 by considering
pairs of the angle, 'Y,which differ by goo.The aver-
age flux density from the remaining probe, PI,
remains constant during the 'Y rotations and is
calculated from the expression for average flux den-
sity for a rotations [Eq. (10)] with a set equal to
zero.

y
3. Results of Calculations
3.1 Mlmadfor Single-Axis Probe

Using Eq. (10) and following the procedure de-
scribed after Eq. (1), values of the maximum aver-
age magnetic field, Bay.for fIXedvalues of rIa and 8
were calculated and compared with the correspond-
ing value of Bo. Figure 6 shows the differences in
percent between Bay.and Bo for rIa = 3 and for rep-
resentative values of 8 between 00and 900 (because
of symmetry arguments, one can infer the corre-
sponding percentages for 8 between 900 and 1800).
The largest difference, &1maxhis -14.6% and
occurs when the single-axis probe is located along
the axis of the magnetic dipole, i.e., the z-axis. The
negative difference between Bav. and Bo decreases
as 8 increases and turns positive near 8 = goo.This
pattern also occurs for other values of rIa greater
than 3. Figure 6 also shows the largest negative and
positive differences in percent for rIa equal to 5, 8,
10, and 12. The largest negative differences must be
considered part of the measurement uncertainty
when the probe-dipole geometry is unknown, which
will be the case for example when magnetic field
measurements are performed near many appli-
ances. A tabulation of &1maxhas a function of rIa is
given in Table 1.

The calculations are not carried out for large val-
ues of rIa because the accuracy requirements for
magnetic field measurements near appliances and
other electrical equipment either have not been set
or are not great. For example, the uncertainty
tentatively allowed during calibration of magnetic
fie1d meters used for measuring magnetic fields
near visual display terminals is :t 5% [12].
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z 9 = 15°

9 = 75°

~
I

9 = 90°
10 12ria =3 5 6

Fig. 6. Differences between values of BO.Iand Bo. in percent,
for different locations of single-axis probe relative to magnetic
dipole which is aligned along the z-axis. For a given value of rIa.
where rIa is ;;!:3, the largest difference, LiB",..h is negative and
occurs when the probe is located along the z-axis.

Table 1. Values of LiB I (single-axis probe) and LiB",w
(three-axis probe) as a function of normalized distance (rIa)
from magnetic dipole

3.2 &J aaax3for Three-Axis Probe

The differences between Bav3and Bo are consid-
ered in three steps. First, values of Bav3are calcu-
lated following a rotations using Eq. (10) and
compared with Bo for fIXedvalues of rIa and repre-
sentative values of 8 between 0° and 90°. As noted
earlier, the largest difference between Bav3and Bo at
each point, a "local maximum difference:' is
recorded. In the discussion that follows, the "local
maximum difference:' will be referred to simply as

the "difference." The above procedure is repeated
for f3 and l' rotations.

The differences between f3av3and /30following a
rotations are plotted in Fig. 7 for rIa equal to 3, 5,
8, 10, and 12. The numbers in Fig. 7 represent dif-
ferences in percent. The pattern observed for all
values of rIa is that the difference at a point follow-
ing a rotation is always negative and becomes more
negative as 8 increases to 900. .-

9 =0°
9 = 15°

-1.0

-1.5

-2.3

9 =60°

~
I r/a=3 5

Fig. 7. Differences between values of Bav3and Bo in percent, for
different locations of three-axis probe relative to magnetic
dipole, following a rotations. The differences are always negative
and the greatest difference following a rotations occurs for
8=90".

When the difference calculations are performed
for f3 rotations using Eq. (14) and Eq. (18) (1' set
equal to zero), a different pattern emerges. The
differences between Bav3and Bo are observed to
change in sign at different points as shown in
Fig. 8. By comparing the results in Figs. 7 and 8, it
can be seen that, except for 8 = 0, the differences
following f3 rotations are all less than the corre-
sponding (i.e., same rIa and 8 values) differences
following a rotations. Although not indicated in
Fig. 8 calculations show that for a given value of rIa
<::3,the differences between Bav3and Bo following f3
rotations for all values of 8 are less than the differ-

ence following a rotations when 8 = 900.
Similar results occur following l' rotations when

Bav3is calculated using Eq. (18) and Eq. (10) (a set
equal to zero) and is compared with BOoOnce again
the differences between Bav3and Bo change in sign
as shown in Fig. 9. Also, by comparing results in
Figs. 7 and 9, it is seen that, except for 8 = 0°, the
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rIa ..1B.....I (%) ..1B",oo3(% )

3 -14.6 -19.6
4 -8.7 -10.8
5 -5.7 -6.9
6 -4.0 -4.8
7 -3.0 -3.5
8 -2.3 -2.7
9 -1.8 -2.1

10 -1.5 -1.7
11 -1.2 -1.4
12 -1.0 -1.2
13 -0.9 -1.0
14 -0.8 -0.9
15 -0.7 -0.8

9 =75°
-1.2

\
:L4 9=90°

6 10 12
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9=0°
9 = 15°

9 = 75°

9 = 89.9°
rIa=3 5 8 10 12

Fig. 8. Differences between values of Ba'3 and Bo in percent,
for different locations of three-axis probe relative to magnetic
dipole, following fJ rotations. The differences vary in sign de-
pending on angle 8. For 8 = 15°, there are several cases (indi-
cated with the z sign) for which the largest negative and
positive differences are equal in magnitude.

9=0°
9 = 15°

9 = 75°

0.8
9 = 90°

r/a=3 5 8 10 12

Fig. !I. Differences between values of Bav3and Bo in percent,
for different locations of three-axis probe relative to magnetic
dipole, following 'Y rotations. The differences vary in sign
depending on angle 8.

differences following 'Yrotations are all less than
the corresponding differences following a rotations.
As for the case of f3 rotations, calculations show
that for a given value of rIa ~ 3, the largest differ-
ence following 'Yrotations will always be less than

the difference following a rotations when 8 =9<r.

Therefore, of the three types of three-axis probe
rotations considered, the greatest difference
between Bav3and Bo can be found following a rota-
tions and L1Bmax3occurs when 8 = 90° for a given
value of rIa. Table 1 provides a listing of L1Bmax3
values as a function of rIa.

4. Discussion of Results
Once it has been decided what constitutes an ac-

ceptable level of uncertainty during magnetic field
measurements near electrical equipment, the infor-
mation in Table 1 should be considered when taking
into account the various sources of measurement
uncertainty. For example, if maximum magnetic
fields at a distance r from appliances are to be mea-
sured with a total uncertainty of less than :t 10%,
magnetic field meters with probes having radii a
such that rIa =3 would immediately be considered
unsuitable. Field meters with single-axis probes
having radii such that rIa =5 would be suitable if all
other sources of uncertainty (e.g., calibration pro-
cess, frequency response) amounted to about 8% or
less, i.e., v'5.72 + 82=9.8, where 5.7 is taken from
Table 1 for rIa =5. .

The measurement uncertainties associated with
using three-axis probes are less clear because we
have considered only separate rotations about three
axes to obtain the values of L1Bmax3.The percentage
differences in Table 1 indicate what uncertainties
can occur but they may not be the largest uncertain-
ties due to the averaging effects of the probe. How-
ever, until calculations can be devised which
consider more complex rotations of three-axis
probes, the L1Bmax3values in Table 1 can serve as a
rough guide when deciding what are acceptable
probe dimensions.
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